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Fracuonal caboulos

Fractional partal differential equsstion

In this paper, the invariant subspace method [ISM) ks
and nonlinear timi and space fractional mi
frnetional derivative [(MCFD, Moreover, Uhe mcth
conformable fractinnzl differential equations. Variety of imespace
solved to [Nustrate the established result of [SM. Finally, @ comparison
PDE in the sense of MCFD and Caputo fractional dervative (Ca-FD) ks present

developed 1o obinin the wxsct solution of linear
xed partial differential equations invalving meadified conformatile
od is successfully extended to the roupled syatem of modified
fesctional mized PDES are considered and
between exact solution af fractional
ed through same examples of

time=space fractional mixed partkal differential equations,

1. Introduction

Fractional calealus has several applications |n science and
engincering.! It is extensively used to siudy the models of physical
and enginecring phenomena in the form of fractional partial differ-
entlal equations ™™ A ot of work has been reported on existence
and uniguensss of solutions of FDEs (see Refs. & 9 and references
therein), Several definitions of the fractional derivative have been
inroduced in the literature, such a5 the Riemann-Liouville definition,
the Caputo definition,” the Hilfer fractional definition,'" the Caputo-
Fabrizio fractional definition'' etc. In 2014, Khalil et al.' gave a
new definition of fractional derivative which is called conformable
fractional denivative(CFI¥) and it is shown that “the computation of
fractional derivative using this definition is easier than the other
available definitions”. The CFD of order o is defined for a function
J 110,00 = R by Ref. 13

Sl 4 afpplol=ay — plai=fyy
- :

T'f[li:_f'tﬂ::ilri_.nlnl {11

wheren e N, a=1 <o =t > Uand |e] is the smallest integer number
greater than or equal to o Note that T (0} = lim, g, T°F(1), provided
lienit exists and f{f) is n-differentiable.

Recently, many research papers have been published concerning the
results on CFD (see Refs, 12-14, and references therein), In Ref, 15,
authors made use of residual power serfes method to present the
exact solution of time-fractional Schridinger aquation (TFSE) with con-
formable derivative and provided a graphical comparison 1o indicate
that CFD is a suitable altemative to Capute fractional derivative in the

modelling of TFSE.

* Correspanding authaor,

The main advantage of the CFD is that it satisfies the concepts
and rules of an ordinary derivative such as: quotient, product and
chain rules while the other fractional definitions fail 10 meet these
rules. Moreover, 6 can be efficiently extended to solve the fractional
differential equations and systems exactly and numerically. Despite of
these, there dre some properties which are not followed by the CFD. For
example, (i) As most definitions of fractional derivatives, the CFD dioes
not satsfy commutative property and (i) the sequential derivatives
do not coincide with the higher order derivatives. To fulfil these
properties, in (20200, Ahmad El-Ajou'? did modification in the CFI3
and presented a definition known as modified conformable fractional
derivative (MCFR), The modified conformable fractional derivative is
now arracting the researchers due to its various nice properties. Some
basie properties of the MCFD are given in the preliminardes.

Exact solutions play a vital role in the proper understanding of qual-
itative features of the concerned phenomens and processes in various
areas of science and engineering. Numerical methods such as Adomian
decompasition method,'” new iterative method (NIM),!7 homatapy
perturbation method'™ have been employed 1o solve FDEs, However,
solutions obtained by all these methods are local in nature and |8
is important to cxplore other techniques to find the exact analytical
solutiens of FDEs The invariant subspace method (15M) iz a VETY
effective method which can be used for obtaining the exact solutions
of fractional partial differential equations. It is widely used 10 obtain
the exact solution of fractional differentisl equations with Riemann-
Louville and Caputo fractional derivatives.~** Recemtly (2020, K.
Hosseini et al.*! successfully utilized ISM to get the exact solution for
integer order nonlinear water wave equation{NWWE) and nonlinear
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-:-nrusu,-nijsu:-I.t;L le o € 7, and § € 4, for
FEeMmll » e aIL bl i, e By mpd oy B B OFisai
=l Foai) are hoear nonkiscar operatons of u, © and their fractional
m-.mmmmm‘m.
mmmﬂmapamnnﬁihn:nkﬂm <. We prewent
some defimmons and emporan: properries of modified conformable
fracsional dervanives In Section 3, the nvanant subspace method s
mhmmmmmmmmmm
mﬂmmhﬁmq.mmr,rm.
h:uhm:lmﬂﬁmhﬁn;luiﬁﬂtmm1mmmm

ilwerrare the developed method. Fimally, Section 5 provides concluding
resmario,

This section recalls basic definitions, notations and preliminary
mﬁunhﬂwﬂlhmﬂﬂnmﬂmﬂwmm.Wrmmmﬂ
nomtions. B, N for denoting the set of real numbers and narural num.
bers, respectively. Tradinonally, Cls. a0) and Ci—ae_ 3] represent the set
dmirﬂudmﬂnmﬁmﬂmmll.mm:-m.-L respectively.
S™=i1) represents CFD of the function f of order sa.

Definition 2.1 {Copero Fracnonal Denvenve (Ca-FD}). Caputo fractional
derivative of order o = 0 of § € €. b B is defined as

[ R e L7
o™ fin dr,
fi= rﬂ—ull it — ppe=esi

where a— | <a < nand for @ = n, we obtain uual sth order derivative
fFrir.

Maodified conformable frectional dervamve

Definition 2.2 (Ser Hef o). Let la : D¢ a < I]haqﬂumhgtm
of {F +1. The number 4 is said 10 be a class of o iff § £ (q O<a=lh,
Note that if g € (a— 1,a] for n & I, then § & (o - '%r < if % L:ll-f!lﬂ
#q and it iz the main idea of the definition of MCFD,

Hemark 2.1. Fmﬁem-l.nhthmuimnmﬂqqum.I]mh

that # € r, and § = ma. For example, § = | 51 belongs to the class af
FELE

oy el et .

heft e AFD pnder J o .
M :\:dxﬂm f I' al-= X a delimend by (%o 3,

=L almeE

. o Ll oy
piamtulgy o gt = a0V 4) = [ =

e
™ i = e ~——
e "

'l;‘ Finkm s Tf."-f"
wt R

sdod the Bomit ey and [} 5 (= 1w beft sabed iferentiable
VY

> L

Foim=1=] 5 ™
et MCFD of veder # ¢ 7, (where .
dim Poo—-—- |1ﬂlhﬂﬁ1ﬂlﬂ'lﬂtﬂﬂ. {od

e
o=y e o= 010 - L
[
L]

'T'.’ e |-:'IE

L
L

BT o= ham T R0
e

provided the limit exists and [y b jo ~ 1w right alded-differentiable
for o < a

Remark 2.2 (1) If £ @ (0, 1k, then the modified conformable fractional
derivative coenewde with comformable fractional dervvatioe and of £ & 5,
then we obtasn the wvual higher order derivatives.

(3} Every real number # such that = = | < § < o, belong to an
unaque clew of & which ia 5,

{31 The left wdnd sequentzal MCFD of onder # € 5, of a function
folaeh = & o defined byiSee Red 16)

il - " = ""'"""I.II
:T.,“”_rm! W wilt = il ! o

o . L
T = i T
. el L

23y

provided the lmit exisss and f(r) is (o - 1w left vidend differentiable
for t > &

mnmmwmﬂwdnfr I of & function
f i ) = 2 i defined by (See Red. 10}

—— -y I st
uT_,HH-i-H_llﬂr LR Ll i DN m_.”_

!
=T M= lm ™ i

(24)

providad the lumit exasts and Fie) i jmm = Ut right sbded o ferentiable
for s = r.

Lemma 2.1 (See Ref 161, Let # € £, and » € B Then
T i == n""i-d",""',rml.

AT, firi = L-H"u-n"‘f—ln“""T,,rim_

(N THCH =T (€1 = 0, € is conasng,

O Thir a0 = [ = bade = gp1

Lemma 2.2 (Ser Ref oLl drer, andts 1 Then,
(TT, =T = 77,
AT, sk s LE L o

T =7 .- times) = THTY T me — flmral,
W™, =TT, T im - timer) = *T.T, T, imn — nimeil

mcwmwm

Definition 2.4 (See Ref. 151 (1) & real function fii, 1> 1 is =aid to
hinﬂmmr.'_,ulaﬂllmﬂrﬂﬂh:uﬂ-numh:rk:-pmhlhll
Firv= it =23 i, for fn e Cla, ok,

(20 A real function fory, 1 < 1 t5 5a0d 1o be in the space €, 4 2 2

if there exists a real number 4 » 4 stch that fin = {5 = 08 f,10. for
Fiin & Ci-an_ 1),
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